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TES  PitDfiLSK  OP  TKB  XXIiiTSIICB  Of  OPTIMAL 
TMAJBCTORISS  OF  MOKLUIBAR  STSTSIS 


fPollovinc  IB  a  tranilatloo  or  an  articla  bp 
F.  H.  Kirillova  antltlad  "K  Problaaa  Suahchaat- 
vo  '^anlya  optlaal'npkh  trapektorlf  Malliiaynyich 
Siatan'  (2^11ah  varaion  abova).  In  lavaatiya 
Vyaetlkh  Uohcbnytch  zaradwily  Wataaatika  (watha» 
na^ieal  IKaat  or  Kis6ar  Bciueationai  inavi  tut  Iona ), 
Ho  2,  KMtMSi,  Mar-Apr  6l,  pp  41-53.  J 


QoaatSona  of  tha  aoclatansa  of  optiaal  eontxN»la  ^unAar 
rartaln  raatrictiona)  for  tha  eaaa  of  a  tracniaiit  prooaaa 
laaerlbaa  by  a  linaar  ayatait  cf  dlffarantlal  a<|uatioBa  hava 
paao  axaalnad  In  4a tall  in  vorica  (1*5). 


!  In  tna  praaant  artl<la  unAar  tha  a\2|^altlon  that  tha 
boof-rol  ayataa  la  glvan  ly  non-linaar  Aiffarantlal  aqua- 
ion^t  a  thaoran  on  tha  axlatanca  of  a  aolutlon  of  tha  op- 
laal  control  problata  will  ba  provaA,  Thla  ppoblaa  »aa 
bropcaad  by  P.  P.  Kraaoaalcly  and  ooaplataA  undar  hla  dlrao- 
lilon. 

j  il,  Lat  a  dlffarantlal  aquation  ba  glvao 


—  (LU 

I  V. 

i 

bhara  a  •  ....  iaaga  vaotop,  B(t)  --  a  aatrU 

ifjTO aa  alaaanta  o^ ^(tj.  1  •  1.  n.  J  ■*!.  r  ara  con. 

tlnuoua  In  tlm  t,  uU)  •  (ui(t),  ....  Ur(t)  —  controlling 
Factor.  Aa  In  (1*5)  «a  ooaaidar  that  tha  vactor  u(t)  la 
plaoaalaa  contiauoua  and  aatiafloa  tha  loaquallty 

m4X)a;(nK.V»\  /— 1...  .r,  (1.2) 


^  Strictly  apaaking.  «a  raquira  tha  Inaquallty  mx  i  v/d)  t 
)ot  on  tha  aatlra  aagnant  ^C*****-  tha  ralatlon 
,a  poaalbla.  but  on  Hi  at  Inc  t  iBolatlon  aolnta 


II  conitant, 


Th«  function  f(x,  t)  •  (fj<*i,  ....  t), 

[.••»  Xq«  t))  if  eoBtlBUDUf  in  t,  fad  poffftfBf  ooBtlnuouf, 
iboundfo  fMrtlfl  dfrivatlvff  with  rwfpfot  to  •••>  Xd» 

i  \  **  constant)  and  f(0,  t)  «  0. 


Tho  optlaal  eoatroX  ps^oblaa  eonalsts  in  tha  folloviiist 
;i«t  at  a  aoaant  of  tiaa  tp  thars  ha  a  point  with  eoordin- 
atas  x(to}  «  xp  which  is  travallnt  alont  tha  trajaotorjr  of 
aquation  (1.1) 2  it  la  naoaisary  to  salact  a  eoBtrolllBi  wae 
tor  such  that  tha  point  raachaa  tha  orlsina  of  tha  coordin- 
•  atas  in  tha  shortast  tlwa  T.  In  this  eaas  u(t)  is  oallad 
I  tha  optlaal  controllli^  raetor,  and  tha  tiaa  T  tha  optlaal 
{control  tiaa. 

In  |3  of  this  articla  it  will  ba  ahoan  that  If  for 

(1.1)  with  soaa  control  tt(t}  which  aatisflaa  eoaditioa 

(1.2) ,  tha  coordinata  origiii  is  aoeaasibla«  thara  axiats  at 
Least  ona  optlaal  control  u^<t)«  also  aatlafjlag  oooditioti 

(1.2)  and  baint  piaaawiaa  oonataat.  Tha  thaoraa  is  prowad 
under  certain  liaitations.  iaposad  upon  a  spataa  of  a  Itn- 
'ear  approxiaation  for  (l.i). 


Va  ^ppoaa  that  thara  axiata  a  aaqa 
tort  u'^^Mt)  of  tha  •fb|s«  (1.1)#  tha  ao 
toriaa  of  x(xo,  tp.  ttV«J(t),  t)  of  whlah 
lationa 


a  of  eontrol  wao 
spoadiag  tra^ao 
tiafr  tha  rals* 


/«.  a<*MrK  lt+  rt)-0. 


♦  *1.  2.... . 


iwhara  T)(  >  aad  XXu  m  t  y  0  for  k  aad  tha 
ivactort  aatiaff  tha  aonditioa  (1,2).  Lat  thara  not  « 


jvactort  aatiaff  tha  aonditioa  (1,2). 
control  u(t}  whieh  would  aatia^  00a 
adtialltf 


2).  Lat  thara  not  aslst  a 
ooBditioB  (1*2)  aad  tha  la 


JfU,.  4.  mU),  for  *<T. 

hanoaforth  auoh  a  aaquanea  of  ooatrol  waatora  a(>')(t) 
kill  ba  caliad  a  ainiaislni  aaquanea.  Our  problaa  oanalata 

in  prowinc  that  if  thara  axista  a  ooatrol  uU)(t),  for  ahi 
tha  oritin  of  tha  eoordisataa  is  aoaaaalbla  la  aoaa  tiaa  T 
than  (under  aartain  raatriatloaa)  thara  axiata  a  plaaawlsa 


2 


ioonitant  optlaal  vector  u^Ctj  tiuch  that  along  a  correspond' 
|lng  trajectory  x(*o,  uO(t),  t)  the  origin  of  the  coor- 
|dlnatea  is  reached  In  tlae  T.  At  first  »e  alii  prove  the 
jcorrectnesa  of  leiMa  laq>crtant  for  the  aubaequant  develop' 
nentf « 


XaMwa  i.l.  If  --  control  vectors 

-  f  ^he  equation  (l.l).  then  for  cqrrespondlng  aoJutlona, 

A  ‘^(t)  •  *{xo,  tc,  t)  •  xixQ,  to,  u^^^(t) 

t;  en  accurate  estlwate  la 


(I)  —  Jt** 


jt**>  ( 0 1  <  rsM  f  V I  a^*‘  ii)  -  a^*‘  H)  I  "  **' . 

C  ST 


jahere  *11  max  I  h,  (#)  |  .  /,  <  /  <  t. 

{  Proof.  Seeing  that 

I 

i  1 

1  (0  •'  ».  r  J  I  /(^"  .»)+•«  M)  «<"  (»))  <<». 

4 

>  ^ 

’■.ran,  cubtractlng  the  second  equation  froa  the  first,  ee  ob 
tain 


«)*  ») -f  » (sHa*”  (f)  ~  aP»(i))|df. 


» 

i»jl  »ceonj;n<  to  tli*  ooBdltton,  ^  |<i.  It  folio**  thot 


l/il*"'.*) -/.(-«*. 01  <i  iKUO-JtTWI 


Thus,  «e  have 


I 


Vi 


— j  i  ds 


j 


|We  this  inequality  on  i 


2 

4  -*  I 


I  m 


t  # 


~j-  tOMx  ldij(t):rm  -  «*^(4)|A. 

^  tmmi 


isignirylng  I  by  N  and  applying  1 

y«  obtain  tha  daflrad  ioaquaXlty 


(7 


Ji:*(nKraAfjytay»{i) 


<•  /-I 


proa  iucn  an  inequality,  it  eaelly  folloae  that  if 

I 

m«i£l  !a*’'(n  -  a;**(/)|>  ») 


for  J  m  i,  2,  p,  o>0  and  k  then  *i**^'{  t)  -• 

-  xJ^Mt)  for  k  - 


.  Leana  1,2,  If  u^^^(t)  —  alnlnlslng  aequenee  of  the 
jeouation  (l.U,  then  the  eequenoe  of  trejeotorlea  xIxq,  Iq, 

t)  oontalna  at  leaat  one  uniformly  eonvergent  aub> 

aequenee  V*'"  e***  (/),  #).  4, <  4 < I, 4-  7. 

1 

[I)  ay  Vhe  eymbol  C( la  meant  the  meaaure 
!of  the  aet  in  ehioh  the  Inequality  l  ■*/’{#)- aj**  (f) U- •.  •••“ 

[lened^  0  any  poaltlve  nvher^ . . . 


froof »  ?i*oB  1.)  wwi  the  IriBQumlitif 

J  -  1,  2,  ...,  ic  roUowa  th4t  the  aequence  xW{t)  la  boun¬ 
ded,  uniform  In  k,  -f  A  Since  the  funntiona  f{*,  t), 

are  bounded  In  t  (unlfora  In  k),  then  fro» 

th3  inequality 

i 

' 

I  ;  |/,(ic-  I)  +  y  *.,.(»)»“'  l*)l  1* 

fjllowa  the  equl-de^iee  continuity  of  the  functiona  xt^Ut)« 

Thus,  the  functiona  i***  (/).  2 .  ^4*  7*  *h® 

unlforely  bouiuted  end  equl -degree  eontlnuoua.  Coneequently 
I [6],  tnere  exleta  at  leaat  one  ua^orwly  convergent  aubae- 

jqueiice  x  (t)  of  the  aequence  x'*  (t),  ^  ^  ^ 

‘Subaequently ,  »e  elll  coualder  ehat  Unite  the  geoemiltf 

|of  reaaonlngt  If  u^^Ut)  --  nlninlxlng  aeqtience  of  J®®* 
jtrol  veetora,  then  the  correapondln*  aequence  of  tmjeotor- 

liea  of  equation  (1.1)  x(x^,  t^,  u^^Ut),  t)  converge  uni - 
Ifomly  to  aoae  ooniUvjoue  function  jc*(#).  r  *• 

te  el 11  exanlne  the  equation  of  perturb^  notion  for 
(l.  »  e:th  the  variation  of  the  control  du(t).  aa  le  Known 
|t(7K  p  296),  It  haa  the  fom 

£lliK  V  -  a  (I)  i«  to  r  1  i^x  0. 

e,  ^  a., 

ehere  the  function  0(3x,  t)  aatiaflea  the  reUtlonahlpa 

-0  for 

Vi.,: 

ta»l 

Let  u^'^^(t)  —  nlnlnlalng  aequence  of  the  control. yec- 
tora  of  equation  (l.l).  Then,  aa  waa  ahown  above,  x'»Mt)— 
-.xO(t)  fora-oo,  natrlx  function 

le  confuted  along  the  ourvea  x^(t),  x^'^^Ct),  K  •  X,  2, 


[.•4  th«n  tlM  •quatiOB  of  {>«rturb«d  ■otlon  cm  ■ubMauBntly 
M  vrittBo  ast 


it 


(K3)| 


taut(.  th«  llMiar  approxlMtiois  aqtuitlOB  oorraapondlof  to  o^ua^ 
tlon  (1.3) «  «•  will  wrlta  in  tha  fom 


J . 


(1.4)1 


If  .dyCt)  «  corTow»41nf  aolutlooa 

fji^**'(t),  of  a<tuatioiia  (1,3)  tod  (1.4)  tha  follow¬ 


ing  la  trua 


Lanaa  1,3.  Tha  aclutlooa  of  tha  ayataaa  (1.3)  tnd 
1.4)  aatlafy  tha  Inaqiuallty 


|1xf(/)-.i4**(/)l<^(«).  4-1.  2 . 


ihara  i«  <  I  < 


i—  J^|iajt(0|di  and  -5^ -*0  font— 0. 


froof.  On  tha  grovnda  of  li 


l.X  «a  hava 


Il1>*(DI-.o, 


Mtf(|taf(<)l>«)-'0.  •>().  y-i . »•.; 

baaing  that  tha  aatrkx  funotion  la  oontiauoua  aooordlng  to 
[4^  oondition,  than  tha  funotioa  •(Se^'^^,  t)  aatiaflaa  tha 
Upaahita  oondltiona 


l»  cofiitant.  ar  #•  ona  aacta  tor  au/flclantiy 

lauXl  dlaturi  %ijcaa  SuppoaJng  « 

/*  W 


nnd  racalling  the  ebove^  a«  have 


'  0  for  «-y. 

Jf  «•  iuDtrest  e<iuetion  (l.^)  fro»  (1*3)  awS  intefrete 
through,  coiielderlia;  correct  ine<{uAlity 

i 

t 

for*-0. 

* 

,ae  finally  obtain 

i 

I 

!<Mn«r«  -•  0  for  t  -•  0,  unile  the  value  le  unlfoni  in  Ic. 

f  c 

§2.  Ve  will  eaaalne  the  equation 

» 

^..0  (2.1) 

at 

Vhere  the  eleaente  fJjMt)  of  the  aatrlx  are  equal  | 

to  the  funotlona  oaleulated  along  the  curvea  »^*^^(t),  I 

a-»/  rt 

k  m  0,  1,  Which  aatlafy  the  relation  *'*'(!)-•*  (t) 

tmifomly  for  k  «*  «»• 

i 

tfe  elll  intro^e  noUtlooa  IT  It  la  oeoeaaanr  to  e»- 
ianine  the  j-coluaw  cf  the  natrlx  B(t)  then  ee  elll  write  It 
as:  B,(t),  For  a  aealar  terieatlwe  cf  the  wee  tort  I  and 

»j(t),  where  -  aatna,  Inwerae  to  the  fun- 

Ictafaeotal  watrlx  of  equation  (2,1>  with  B<t)  a  0,  we  will  uai 
jtlie  aynhol:  0j(t))). 

¥w  euppcee  that  the  relatione 


(2.2) 


(^(F,;)‘(oa/U)))«^,  y«  1 . r.  0.  J . 

i«l 

ho?.d  only  at  dlatlnot.  laolatad  points.  Aa  la  known  [A], 
if  a  control  vactor  M(t)  la  auch  that  a  oolnt  aovlng  from 
Zq  along  Che  trajectory  of  equation  (2.1)  enoountera  the  or 
llgln  of  the  coordinates  at  aoaent  of  tl»e  r,  than  the  vee- 
tor  w(t)  la  a  aolucion  of  the  ayates 


J  l2.3> 

Here  none  of  the  nutabera  sq  are  connaoted  with  the  original 
problem. 


Now  we  will  examine  the  mlnlolxlng  aequenoe  of  the  eon 

trola  u^‘*^(t).  The  control  time  for  the  trajectorlea  whloh 
correspond  to  then  equals  and  T  for  k  -*  •,  --  da 

creasing  aequenoe.  Consequently,  there  exists  a  sequence 
Tj^,  which  aatlaflea  the  Inequalities  T^  -  <  T  and  the  re 

latlonahlp  tjj  «-•  0  for  k  Ve  suppose 


-  I*  4-12...  (2.4) 

<> 

I  It  la  clear  that  of  the  points  k  •  1,  2, 

j along  the  trajectory  of  the  equation  (2.1)  the  origin  of 
the  coordinate e  It  aoceeelble  (ewen  with  the  oootrol 

If  by  the  symbol  0(T^  •  T),)  1b  underetood  the 
eet  of  polnte  of  phaee  apmce  s,  for  whloh  the  origin  of  the 
eoordlnatee  le  aoceeelble  lo  time  along  the  tra* 

jectory  9^. the  equation  (2.1)  then.  It  la  apparent  that  the 
polnte  k  m  X,  3,  ,,,,  belong  to  the  eorreepondlng  re¬ 

gions  0{Tj|  -  t^). 


From  the  results  of  the  worir  (8)  It  follows  that  each 
of  the  r^ona  0(T|(  >  tj^),  k  «  1,  2,  le  oontrex  and 

doted ,  Ne  eonatruot  linea  from  the  origin  of  the  eoordln- 
atea  to  the  Intersection  with  the  boundaries  of  the  regions 
0(Tu  -  t)^)»  k  «  1,  2,  and  we  designate  the  gremteat 

92miWPfllM  MmU-pf  tti  windirtti  af 


|thc  r«glon^p  o(Tj^  -  onrt  ic  »  1^2,  j 

jootalned  by  the  renult  of  auch  a  construction  by  <1^^,  Then  | 

Kt  can  be  proved,  considering  the  resulto  of  diticle  [9], 
•that  d»<.  0  for  k  — ♦  •», 

'  \ 

i  Subsequently  «e  will  apeak  about  the  fact  that  the  ae- 
i  lencaa  of  regions  a(Tj^  -  converge  to  the  region  0(T)  ^ 
la  the  present  case,  the  Halt  region  Q(T)  conslbta  of 
.points,  for  which  the  origin  of  the  coordinates  la  acces- 
jaiLle  in  tiae  it^T  along  the  trajectory  of  equation  (2,1) 

.for  k  «  0,  l.e.,  when  the  functions  ax*e  calculated  al- 

I  dxi 

long  the  curve  and  ia,  as  can  be  ahown,  conaldering 

{c^»e  auppoaition  (2,:^),  a  non-aapty  set.  Ue  will  designate 
I  the  bouxuiarlea  of  the  regions  0(Tjc  -  Tj^)  by  respectively, 
•The  following  assertion  ie  proved* 

I  Leasts  2,1.  All  liait  points  of  the  sequence  be- 

llong  to  the  boundary  r  of  the  region  0(7), 

i 

j  Proof .  In  view  of  tha  above  aentloned,  the  sequence 
•of  regions  -  tj^)  1«  unlforaly  bounded  in  k,  Consequen  > 

tt’/  the  set  of  points  has  at  least  one  Halt  point  Zq, 

Wj  Shall  prove  that  Zq  belongs  to  T, 

Assuae  the  contrary.  Then,  in  light  of  the  fact  that 
tne  sequence  of  i*«gicna  0(Tjj  -  tj,)  converges  to  Q(T)  for 
iK  «t,  there  exiets  a  subsequence  >  every  point  of  which 
■ciTi  oe  surrounded  by  a  sphere  of  radius  (pj^^  «-»  for  l-> 

"*  ^  PQ  khereupon,  ell  points  of  the  apherea  be  ■ 

'long  to  the  corresponding  regions  of  the  coordinate  lines  to 
the  intersection  with  the  boundary  \\^  of  the  region  r(Tjj^ 

I  Such  an  auxiliary  ocnatructlon  for  eaeh  point  of 

the  sphere  of  radius  witn  center  at  the 

point  Zq  ^  puts  It  In  correspondence  with  sons  point  a  ^ 

of  the  boundary  T  .  ir  —  the  ratio  of  the  dla- 

l 

tanee  froe  the  origin  of  the  o^rdlnatea  to  som  point  of 

the  surface  of  the  sphere  T  (radius  of  the  sphere  pw, . 

* - - - -  . . — — .  — - — i - Zk— 


9 


center  at  the  point  to  the  distance  from. the  origin 

of  the  coordinates  to  the  corresponding  point  of  the 

surface  then  it  is  not  difficult  to  see  that  the  funo- 

'tlon  a{z^  satisfies  the  inequality  0  <  <  1  and 

^5  continuous  in  , 

As  la  known  [3-4 3 ,  ?or  each  point  there  exists  a 

unique  optimal  control  which  is  a  piecewise  constant 

equation  (2.3)  it  follows  that  the  vector 


equation  (2.3)  It  follows  that  t^  veotoi 
a(z'  I’w'  Is  a  controlling  one  for  the  point 
Thus,  for  each  point  of  the  surface  of  the. sphere  t 

controlling  vector  takes  a  function  a(z'^i'wv^l^ .  Prom  1 

p^perty  of  continuity  of  the  function  w'^^'  from  t^  inj 
tial  values  and  from  the  continuity  of  a(z'^l/)  in  Svl^lTi 


fciai  values  and  from  the  continuity  of  a(z'M/)  in  21*1 /we 

obtain  t^t  the  function  a(2  (t)  also  la  continu- 

oua  in 

We  will  examine  the  fimctlon 

( /)  (^ )  4.  X  |a  (?V)  (/)  -  tf< V  (/) j,  (2.5) 

where  X  ygt^afles  the  inequality  Seeing  that  the 

vector  u  (t)  is  a  controlling  one  for  the  Initial  condl- 
dltlons  Zq  ,  then  for  the  substitution  of  X  Into  the  men¬ 
tioned  llmlta,  formula  (2.5)  gives  a  control  for  each  inter 

lor  point  of  the  sphere  of  radius  with  center  at  Zq^^^, 

-^i5****  ^  1  se  obtain  controlling  vectors  for  the  points 

X  of  the  surface  of  the  sphere. 

in  function  w^^^^(t)  is  continuous 

in  the  Initial  values  and  satisfies  the  ineqiwllty 

to  ***  continuous,  according 

«  >  0  there  exists 

some  fi  >  0,  that  the  inequality 
Is  fulfilled  only  if 


k'e  put 


V. 

Ja**’  it)  X|e  )  u*'  i/i  -  (0) 


(2.6) 


kiid  fexa^ti.fio  the  linear  approximating  equation  (1.^)  with 
.h«s  control  {li.i), 

(k  ) 

i  Let  -  0.  Then  the  variations  6x  ^  (t)  are 


I  i-iCT  OJl  V  WQ/  *  VI 

b  -  jna  'jy  nhe  rormulue 


(I)  |>j;,(t)  B  (t)  »«'*/> 

** 

f 

. j" Wilt. 

...  .  (ki )  i  ^ _ i  ^  ar\/4 


(2.7) 


•WLch  the  verlatlcn  5u  (t),  fortaulas  (S.t)  an<l  (i?.5) 
c.iHt  IP  space  2  Ht  the  moment  of  tlflse  t  •  tg  Tj^j  *  tni 

!o.'-.'.ir.  of  the  ccorftnetea  le  reached  from  each^oolnt  of  the 
tpStP-?  ■•!’  xidlus  p,.  ,  tnen  it  follows  from  (3.7)  that  the 

.  •  IM"'  if  the  trt» Jectorlee  6x^^^^(c}  of  the  spac' 

it  c)'e  t  «  -f  form  an  ellipse  by  a  non 

.  .  .  .  M  _  \  mawWaMA 


^  ^  w  I  ^  •*  Ufa ;  * »  w  w  — - • 

r'  f  sular  trHnpf orsiatlon  ^  ^  1  *  '^kj  ‘  sphere, 

Jecir.K  toat  ■*"  -♦  I 

tne  scouenc*  of  the  ellipsoids,  defined  by  (2.7),  has 
ii'  -r  !  te  limit  an  ellipsoid,  which  can  be  found  from  the  clr 
;  i. '  of  radius  Pq  by  a  dependent  tranofonoatlon  Fq(T),  But 
c  —  T  for  l  -*  •  we  conclude:  there  ex- 

iiscs  some  number  beginning  with  which  all  the  elllpaoldi 
contain  the  origin  cf  the  coordinates, 

I  We  return  to  equation  (2,1},  Proa  the  continuity  of 
c’le  controlling  vector  w^'^J^(t)  (see  (2,5))  the  initial 
k^aluea  2^*^^  and  from  foravla  (a,**)  it  follows  that  if  we 

[iecreaso  the  controls  du<  ^  (t),  J  •  1,  2,  *••>  ^ 

itlr.f,  0  <  E  <  1,  then  the  controls  ♦  e^u  (t) 

vll,  cerreapond  to  the  initial  conditions 


:oBMqtttAtXy,  for  tb«  daorMM  of  tho  eontrolb  of  6v}  *^(t) 
In  tlM  c  <[  1«  tho  radii  of  tr«o  oph^ros  doeroaoo  In  «• 

^  Vo  detignato  «  r«dius>vootor  ooBlsg  fron  tho  eontor 

of  an  alllpaold  dofinad  by  aquation 
^2.7)  by  than,  obviously,  for  a  dacraasa  In  tha  radius 
pf  a  sphara  in  tiaa  a  tha  aagnituda  of  tha  radiua-vaotoz 
paooaas  aqual  to  st)^^. 

But  all  allipsolda  for  I  ^  origin  of  thi 

eoordinataa.  Applying  laws  1.3  va  obtain  max  (/) — 

•  (OI<s*|~  yui>  ahara  is  aqual  to  tha  sani»ninor 

ftjiis  of  tha  alllpsa,  and  is  aqual  to  tha  distanoa  from 
tha  origin  to  tha  point  #  I  > 

>  I3. 

Thus,  for  tha  variation  vhan  tha  oontrolliag 

tvaotora  ara  transfornad  aeeordii^  to  tha  fornula 

(0 -- a'***  (01  ^ha  points  of  tha  traiaotoriss 

in  a  nonant  of  tiaa  t  •  tQ  a  ooaprisa 

eontinuoua  sat  agraalng  vith  Immml.l,  In  viav  of 
tha  abova  nantionad  and  laaaa  1.1,  «a  arriva  at  tha  follov- 
Ings  I 

Tha  allipsolda  of  tha  radius-vaotor  for  t  <  Sx  an^ 

l  >  I3,  vhioh  oontain  tha  origin,  ara  continuously  nappad 
Into  continuous  sats  Qkifa^*^  contain  tha  origin. 

Consaquantly,  na  find  in  tha  conditions  of  spplicabil- 
dty  of  tha  thaoran  on  tha  axistanea  of  a  root  ([XOj,  p  573)^ 
jthat  in  our  caaa  it  eorrasponds  to  tha  axistanea  of  a  tm- 
factory  for  aquation  (1.1),  along  nhioh  tha  origin  is  raaohw 
proa  tha  point  Xq  in  tins  t  •  Tk^  -  <  T.  But  this  is 

knpossibla  according  to  tha  condition  of  tha  problan. 


It  naans  <-» 


0  for  I 


In  other  nords,  tha  point 


Zq  belongs  to  the  boundary  f  of  the  region  oCtTII  The  xen- 
ma  Is  proved. 

Insofar  as  the  point  Zq  belongs  to  the  boundary  of  the 
Jraglon  G(T),  then  the  time  T  is  the  optimal  control  time  fox 
jtbe  initial  values  Zq,  and  the  optimal  controlling  vector 
Jla  found  from  the  relation 

I  i<;’(0--A/sign(/«.|/-;r*(;)fl>(/)|).  r  (2.8) 

{where  the  vector  Is  obtained  by  the  condition 

> 

*  t 

I  inin  I 

•0 

I 

§3.  Now  we  shall  prove  on  the  basis  of  the  results  of 
§1  and  §2  the  following  theorem, 

I  Theorem,  If  for  equation  (1.1)  for  scMse  control 
jvt,'  the  origin  of  the  coordinates  is  accessible  in  time  T^, 

{and  the  linear  approxlnatlng  equation  satisfies  the  condi¬ 
tions  in  the  region  |jc/(/)|<-«r*AfA(7'ie*^’‘‘  (M*® maxi ^i/(0 1, 

;  ^  ^  5f‘i),  then  there  exists  at  least  one  optimal  control, 

.whirl',  la  a  piecewise  constant  function  and  Is  defined  by  th< 

I  formulas  (2.8). 

I  Proof. If  t.hfe  controlling  vector  u^-)(t)  is  not  op- 
'timai,  then  there  exists  a  control  u(^)(t),  for  which  the 
origin  is  accessible  from  point  xq  in  time  I2  ^ 

I 

I  3y  reasoning  similarly,  we  will  convince  ourselves  of 
I  the  existence  of  a  minimizing  sequence  of  controlling  vec- 

Itors  u'^^(t),  k  •  1,  2,  ,,,,  for  which  the  control  time  la 
respectively  equal  to  T  ,  11m  -  T  >  0  for  k  -♦ 


The  inequality  T  >  0  follows  from  the  fact,  that  the 
right  parts  of  equations  (1.1)  are  bounded.  It  can  occur 
that  the  number  of  controlling  vectors  in  a  minimizing  ae- 
jquence  Is  finite;  this  corresponds  to  the  case,  when  for 

Tne  theorem  can  also  be  proved  by  application  of  L.  S. 
i  ontryagln’s  principle  of  the  maximum, 

i  ■  . 
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j»quatlon  (1.1),  beeldefi  tn«  control  u^'(t) ,  thore  exists  s 
finite  number  of  controls,  for  mbloh  the  origin  Is  acces¬ 
sible  In  time  t  ^  T^.  In  such  a  ease  me  can  Immediately 
apeak  of  the  existence  of  an  optimal  vector  u(t). 

i  The  vector  u(t)  is  computed  by  the  formula  (2.8).  Thli 
fact  will  be  demonstrated  below  for  the  more  general  case, 
namely,  whan  the  members  of  the  minimising  eequence  ere  dls< 
tlnct , 

Thus,  let  u^^'(t)  be  a  minimising  sequence  of  control¬ 
ling  vectors  of  the  control  (1.1).  As  was  shown  in  the  bas3 
|of  the  lemma  1,2,  the  sequences  of  trajectories  x*(t)  =  x(jc*, 

I «'*'(/),*)  uniformly  converges  to  x^(t)  for  k If 


where 


|x/(/)i<iir2AW7*i  7i, 


M  "  mr.x  I  A//  (i)  | ,  /#  <  /  <  6  -f-  T*!/ 


|(8ee  leiaaa  1,1),  then  we  can  construct  a  sequence 
jwhlch  is  defined  by  formulas  (2.4).  In  the  basis  of  lemma 
j2.1,  the  sequence  s^^^  has  at  least  one  limit. point  Sq, 
iwhlch  belongs  to  the  boundary  a(T).  Let  *q  ^  *0  '  “*■ 

(-*  •,  We  obtain  the  difference 


-  -  .-‘V  ^ 


> 


jf  fsj (OB f  f„-'(0B(0I«*(# 
V'*,  i 

+  J  lf(v(0-fo''(0|B(0«'*'’<0<'<  - 


-  f 

■/  t, 


{(0fl(0»'*'’(0*. 


We  introduce  the  notation 
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i 

} 

I 

♦ 


-.-,  +  4*''  +J  !/>;(/) Bifiu'‘’‘(t}dt~ 

u 

441 

“i 


jit  18  Clear  that  cif,  -♦  0  for  •  But 


!  V' 

!  *• 

( 

jWo  scalar  multiply  the  vector  (see  (2,8))  by  cj^^ 

4+r  r 

(/••c»/)=*  j 

i 

I 

iBut  tt;(f)=.Vsign(/»|/=J''(OB;(OD.  (!•*•)- -1  and  by  the  condl- 
|tlon  of  the  problem  j  M  consequently, 

I  sign  (B|/=^r*  (i)  Bj  (01)  *  sign  («?  (0  ~  (0). 

j  Thus,  there  is  obtained 

44-r  f 

1 

jprom  -*  0  for  e  •  and  condition  (2,2),  followe  that 

incs£(|  tt®(0— n?**  (01>«)—0  for  e *v*nd  for  each  j  *  1,  2, 
.,,«  r.  That  means  the  sequence  u'^*'(t)  converges  by  meas¬ 
ure  to  the  fjmctlon  u^(t).  It  is  not  difficult  to  see  that 
the  vector  u'^(t)  la  optimal  for  the  control  (1,1). 

Actually,  seeing  that  tl^  functions  x^*^^^(t)  are  solu¬ 
tions  of  the  equations  (1,1)  there  are  the  relations 


(/••[«,-■(<)«/  (01)  l«‘  (0  -  »)*<’  (01  di. 


I 


I  '• 

t  7  ■ ^  (t  I  t)  uniformly  for  e -*  •,  -♦  u^(t) 

'..•aeure,  the  function  f(x,  t'‘  Is  continuous  x,  consequsn 
•  iv  iHi,  con  In  tne  Halt  be  put  under  the  integral  sign* 

00 tain 

i 


1  Thus,  Che  trajectory  x^(t)  corresponds  to  the^control 
of  eq\;atlon  (l.l).  The  equality  x(xq,  Iq,  u  (t),  to 
it  T)  »  0  immediately  followa  from  the  continuity  of  the 
if  unctions  x‘<(t)  and  x^(t)  In  t.  We  at  the  aame  time  proved 
ithdt  the  optimal  controlling  vector  u^(t)  is  computed  accor- 
kilng  to  formula  (2*8),  l.e.,  it  Is  a  piecewise  constant  funo- 
jtlon.  The  theorem  Is  proved. 

I  The  restrictions  (2.2)  Imposed  upon  the  linear  approxl- 
Ijnatlon  equations,  can  be  expressed  In  a  form,  which  in  a 
^series  of  cases  permits  In  view  of  (1,1)  judging  the  exls- 
Itence  of  a  solution  of  the  problem  of  optimal  control 
js  piecewise  constant  controlling  vector  of  the  type  (2.6) • 
£uch  conditions  for  a  linear  equation  with  constant  coef¬ 
ficients  are  given  in  work  {3}.  S’xfflclent  conditions  will 
pe  Introduced  below  for  the  fulfillment  of  (2,2)  in  the  case 
bf  a  linear  equation  (n<3). 

I  We  will  examine  the  linear  approximating  equation  for 
|(i.l),  with  the  corresponding  variations  fiu(t),  when  the 

matrix  function  is  calculated  along  aome  curve  x(t) 

dxt 

dt 

U  will  also  be  proved  that  the  assertion  la  also  true  if 

the  vectors,  - - P(<)^?(0.  (0 

«  ^  p(t)Bj(t)  for  J  «nd  x(t)  arising  from  the  equa- 


w 
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tloa»  (1.2),  «r«  nonoollltuiAr^  th«a  tbe  r«lttlon  (2 .2)  it 
triM.  AecuAlljr,  «•  will  ^xaalz^  th«  rector  Hj(t)  « 

Bj(t),  seeing  that  —  P{i)  |7j,  then 

Hi  (0  ”  «)  1  ^  -P(0B,  (t)  . 

L  af  I 

We  call  by  Rj(t),  then  ee  elXl  obtain 

a  fomula  for  the  deteminatlon  of  the  second  derlTatlre  h!! 
(t)  ^ 

h;  (i)  -  r-«  (0  -p(i)^  «)]  ■ 

Let  the  relation  (l‘[P'^(t)B-(t) ))  »  0  hold  In  a  set, 

distinct  f roil  a  colleotion  of  isolated  points.  Then  the  re^ 
latlons  (iH^(t))  «  C,  (lEl(t))  .  0,  and  (I’Hjlt))  «  0  hold 

in  the  saae  set.  But  this  is  iapossible^  seeing  that  accor¬ 
ding  to  condition  the  vectors 


«/(0. 


— Pi.t)pf^‘(t). 


1 1  2,  •.. »  r* 


are  non-collinear  and  the  aatrix  P*’^(t)  is  non-singular, 
what  was  re<^dred  to  prove. 


!  Let  the  vectors 

BAO,  ^^-P(i)0'U) 

ui 


jbe  non-collinear.  We  n5-ll  subsequently  call  such  a  fact 
condition  (A).  Then  the  theorea  of  csdstenee  of  optiaal 
trajectories  can  be  expressed  ass  if  for  equation  il.l)  for 
soae  control  ull/(t)  the  origin  is  accessible  for  t  •  T^, 

and  the  Unear  approxlaating  equations  satisfy  the  condi¬ 
tions  (A)  in  the  region 


itMii  th*re  •xlat0  at  laaet  one  optlaal  aquation  abiob  la  a 
laoawisa  eonatant  funetlon  and  la  deflnad  bf  fonnila  (2«8). 
a  aball  wrlta  oonditlona  (A)  in  elaar  form  for  n  m  2,  3* 

'or  n  «  2  «a  bava 

y  tba  aymbol  [R^^^(t)]|(  la  aaant  tba  k-componant  of  tba 
aotor  Hi  ^(t),  tba  entry  [R4^'{t)L,  k  •  1, 

VAfitor  ** 


*  **» 


ha  vac  tor  Rj*ut). 


Than  condition  (A)  for  n  •  2  raduoaa  to  the  non>coXiln 
arltf  of  tba  vaotora  2,  Fo 


(0!*  ^  ^  ^  2,  3. 


a  define  the  vector-  (i)  _  P(i)RfHty  Seeing  that 


^"(0= 


ih*r«  PuW^^,  M«na, 

dXf 


W// 

* 


nd,  oonaaquantly,  we  finally  bava 


— 22k,;.*-,K"^'  0+2  (01 

i-l  7-1  STl 

4-  b/kit)  -f-  2  4/*  ‘J// 

iijf.A  d...  .ir  djt,  fix.  ‘ 


Thus,  If  th«  vsctors  (b^^,  b3^),  (Rr'(t)],j,  k  - 

^  1>^2,  3,  j  •  1,  r,  ai^  Kion-co  I  linear,  iShen  eondltlon 

\^.2t  for  the  linear  apprcxlaatlng  equation  will  hold,  «hil4 
In  this  case  (for  n  •  3;  for  verification  It  la  sufficient 
for  (2.2)  condition  and  necessary  to  eoapute  the  derlvatlvei 
up  until  the  second  order  exclusively  froa  the  functions 
oij(t),  f(x,  t)  In  X  and  t. 
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